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ABSTRACT
We construct a new example of the high derivative four-dimensional conformal operator. This
operator acts on fermions, and its contribution to the trace anomaly has opposite sign, as compared
to conventional scalars, spinors and vectors. Possible generalizations and applications are discussed.
1 Introduction
The local conformal symmetry plays great role in gravitational physics. But, the most important is
that, due to the quantum effects of the matter fields, conformal symmetry is violated by the trace
anomaly [1]. This anomaly is relevant for the applications of quantum field theory on curved space-
time [2, 3]. In particular, it is in the heart of such achievement as the first inflationary cosmological
model of Starobinsky [4] and the semiclassical approach to the derivation of the Hawking radiation
from the black holes [5]. Recently, there was a considerable interest to study the general properties
of the anomaly through the anomaly induced effective action [6, 7] (see also [8] for the consequent
discussions). In particular, this effective action has been used to obtain systematic classification
of the black hole vacuum states [9] and for the more detailed analysis of the Starobinsky model
[10]. One has to notice, that the anomaly-induced action is defined with accuracy to an arbitrary
conformal invariant functional [11]. Since, in general, there is no regular way to derive the conformal
part of the effective action, it is useful to have various versions of the conformal invariant actions,
so that one could apply them to mimic the unknown conformal functional [9]. We remark, that the
form of some conformal invariants constructed from curvature tensor has been already discussed
my mathematicians (see, e.g. [12]).
The anomaly induced gravitational action is a direct 4d analog of the Polyakov action in 2d.
Since the quantum analysis of the Polyakov theory was led to the numerous interesting advances
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(starting from [13]), it is quite natural the emergence of the idea to use the 4d induced action of
[6, 7] to construct the quantum theory of gravity [14, 15] and to generalize the c-theorem from 2d
for the 4d space-time [16]. With respect to the renormalization group one can mention that the
contribution of all matter fields to anomaly and to the renormalization group equations for the
parameter of the vacuum action possess some amusing universality. If we write the vacuum action
in the form
Svacuum =
∫
d4x
√−g
{
a1C
2 + a2E + a3✷R
}
, (1)
then all existing matter (non-gravitational) fields: scalars
S0 =
∫
d4x
√−g
{
1
2
gµν ∂µφ∂νφ+
1
12
Rφ2
}
(2)
spinors
S1/2 =
i
2
∫
d4x
√−g { Ψ¯γµ∇µΨ−∇µΨ¯ γµΨ } =
= i
∫
d4x
√−g Ψ¯γµ∇µΨ + surface term (3)
and vectors
S1 =
∫
d4x
√−g
{
− 1
4
FµνF
µν
}
(4)
give positive contribution to the β-function of the parameter a1 and negative contribution to the
β-function of the parameter a2 (see formulas (36) below). In relation to the beta-function of the
a2 parameter the situation remains the same in the framework of a supergravity theory. Besides
(2), (3) and (4), conformal supergravity includes Weyl gravity (spin-2) and corresponding spin-3/2
fields. This universality has one important consequence: one can not cancel anomaly by choosing
the appropriate number of the fields of different spins. Therefore, in this point one meets an
important deviation between 2d and 4d cases, because in 2d the anomaly cancellation is indeed
possible and this provides the existence of the critical dimension in string theory.
Taking into account the interest to the higher (than 2d) dimensional conformal field theories,
one can formulate two relevant questions: i) whether one can construct the conformal invariant
theories distinct from the theories (2), (3) and (4)? ii) If this is possible, what would be the
contribution to anomaly of these fields? In principle, it might happen that including some special
amount of these new fields into the definition of the integration measure, one could cancel the
anomaly. In this case these new conformal fields would violate universality of the renormalization
group flow. Summing up, the second question can be formulated as: whether it is possible to
maintain the conformal symmetry at quantum level by introducing some new fields?
Once the investigation of the second problem has been performed [17] and it was found that
the cancellation is impossible for the fields which compose the conformal supergravity theory. As
an example of the work done in direction i), one can indicate Ref. [18], where new tensor operators
with local conformal symmetry have been constructed. On the other hand, it was noticed long ago
[19, 6, 7] that there is the high derivative conformal operator
∆ = ✷2 + 2Rµν ∇µ∇ν − 2
3
R✷+
1
3
(∇µR)∇µ . (5)
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Moreover, the contribution of the corresponding free scalar
S4 =
∫
d4x
√−g ϕ∆ϕ (6)
to the trace anomaly has opposite sign [6], as compared to the usual fields (2), (3) and (4)3.
Why the existence of two different conformal scalars (2) and (6) is possible? The remarkable
difference between two conformal scalars is the transformation law for the fields
gµν → g′µν = gµν e2σ , φ→ φ′ = φ e−σ , ϕ→ ϕ′ = ϕ . (7)
The main purpose of the present article is to construct the spinor analog of the action (6).
The form of the first integral in (3) is dictated by the requirement of action to be Hermitian.
Furthermore, in the conventional spinor case (3) the conformal transformation has the form
Ψ→ Ψ′ = ψ e−3σ/2 , Ψ¯→ Ψ¯′ = ψ¯ e−3σ/2 (8)
Therefore, in order to construct the high derivative conformal action, one has to try the Hermitian
action
S3 =
i
2
∫
d4x
√−g { ψ¯γµDµψ −Dµψ¯ γµψ } , (9)
where Dµ is some third derivative covariant operator, and postulate the following transformation
law for the spinor ψ:
ψ → ψ′ = ψ e−σ/2 , ψ¯ → ψ¯′ = ψ¯ e−σ/2 . (10)
Indeed, these requirements guarantee the global conformal invariance with σ = const [20]. However,
the possibility to have local conformal invariance is not at all obvious and we are going to investigate
it here.
The article is organized as follows. In section 2 we present the construction of the conformal
operator Dµ, and in section 3 – the calculation of its contribution to the trace anomaly. In the last
section we draw our conclusions and present some mathematical conjecture and some speculations
about possible physical applications of this and other possible conformal operators.
2 The derivation of the conformal operator
The covariant derivative of the spinor is defined in a usual way
∇µψ = ∂µψ + i
2
ωabµΣabψ , ∇µψ¯ = ∂µψ¯ − i
2
ωabµψ¯Σab ,
where Σab =
i
2 (γaγb − γbγa). Consequently,
[∇µ ,∇ν ]ψ = Rˆµν ψ = 1
4
γαγβRαβµν ψ .
3In [6] the contribution of (5) to the anomaly was taken with negative sign, for this was taken as the compensation
of the integration over the auxiliary field.
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Using dimensional reasons, one can fix the possible form of the operator Dµ as
Dµ = ∇µ✷+ k1Rµν∇ν + k2R∇µ , (11)
where k1 and k2 are some unknown coefficients. Integrating by parts and omitting the surface
terms, we get
S = i
∫
d4x
√−g ψ¯γµD˜µψ + ... (12)
where
D˜µ = 1
2
(∇µ✷+✷∇µ) + k1Rµν∇ν + k2R∇µ +
(
k1
4
+
k2
2
)
(∇µR) . (13)
Making commutations of the covariant derivatives
1
2
(∇µ✷+✷∇µ) = ∇µ✷+ 1
2
[✷ ,∇µ] (14)
one can calculate
[✷ ,∇µ]ψ = [∇ρ ,∇µ]∇ρψ +∇ρ[∇ρ ,∇µ]ψ =
= −1
2
γαγβRαβµρ∇ρψ +Rµρ∇ρψ − 1
4
γαγβ(∇ρRαβµρ)ψ . (15)
Substituting (15) into (13), we obtain the useful form of the operator.
D˜µ = ∇µ✷+ a1Rµρ∇ρ + a2R∇µ + a3(∇µR) , (16)
where a1 = k1, a2 = k2 e a3 =
a1
4 +
a2
2 − 18 – the last is a condition of Hermiticity. Our purpose
will be to find such a values of a1,2,3, which provide both Hermiticity and conformal invariance of
the action (9).
For the one-parameter Lie group, one can safely restrict the consideration by the infinitesimal
version of the transformation
gµν → g′µν = (1 + 2σ)gµν , ψ → ψ
′
= (1− σ/2)ψ , ψ¯ → ψ¯′ = (1− σ/2)ψ¯ .
Then, disregarding the highest orders in σ, after some long algebra we arrive at the following
transformations
(ψ¯γµ∇µ✷ψ)′ = −(∇µψ¯γµ✷ψ)′ +∇′µ(ψ¯γµ✷ψ)
′
=
= −(1− 4σ)∇µψ¯γµ✷ψ −∇µσψ¯γµ✷ψ −∇µψ¯γµ∇νσ∇νψ +
+ i∇µψ¯γµΣρν∇νσ∇ρψ + 1
2
∇µψ¯γµ✷σψ +∇′µ(ψ¯γµ✷ψ)
′
, (17)
(ψ¯γµRµρ∇ρψ)′ = (1− 4σ)ψ¯γµRµρ∇ρψ − i
2
ψ¯γµRµ
νΣνρ∇ρσψ −
− 1
2
ψ¯γµRµν∇νσψ − 2ψ¯γµ∇µ∇νσ∇νψ −
− ψ¯γµ✷σ∇µψ , (18)
4
(ψ¯γµR∇µψ)′ = (1− 4σ)ψ¯γµR∇µψ − 6ψ¯γµ✷σ∇µψ + ψ¯γµR∇µσψ , (19)
(ψ¯γµ∇µRψ)′ = (1− 4σ)ψ¯γµ∇µRψ − 2ψ¯γµR∇µσψ − 6ψ¯γµ∇µ✷σψ . (20)
Substituting these formulas into (12) with (16), we find that the conformal invariance
(
√−g ψ¯γµD˜µψ)′ =
√−g ψ¯γµD˜µψ (21)
holds for the unique choice of the Hermitian parameters
a1 = 1 , a2 = − 5
12
, a3 = − 1
12
. (22)
3 One-loop divergences and anomaly
The one-loop effective action, for the free theory of field ψ can be presented in the form
Γ(1) = −iTr ln(γµD˜µ) = − i
2
Tr ln(γµD˜µγνD˜ν) , (23)
that can be further rewritten as
γµD˜µγνD˜ν = D˜µD˜µ + 1
2
γµγν
[
D˜µ , D˜ν
]
. (24)
It proves useful to reduce the last expression to the form of the minimal six derivative operator
γµD˜µγνD˜ν = Hˆ = 1ˆ✷3 + Vˆ µν∇µ∇ν✷+ Qˆµνα∇µ∇ν∇α + Uˆµν∇µ∇ν + Nˆµ∇µ + Pˆ . (25)
By dimensional reasons, the Qˆµνα, Nˆµ and Pˆ - terms can not contribute to the divergences, and
therefore have no interest for us. Indeed, this can be checked explicitly. The derivation of the
divergences can be performed using the generalized Schwinger-DeWitt technique developed in [21].
Since all the steps in this calculus are quite similar to the ones presented in [21] for the four-
derivative operator, we will not exhibit the details here. The general expression for the divergences
has the form
− i
2
Tr ln Hˆ
∣∣∣
div
= − µ
n−4
(4pi)2 (n− 4)
∫
dnx
√−g
{
7
120
R2µναβ +
1
15
R2µν −
1
6
R2 − 2
5
✷R +
+tr
[1
2
Vˆ µνRˆµν + 1
6
Vˆ µν (Rµν − 1
2
Rgµν) +
1
4
gµν Uˆµν − 1
24
Vˆ µν Vˆµν − 1
48
(Vˆ µνgµν)
2
]}
, (26)
and of course they do not depend on Qˆµνα, Nˆµ and Pˆ - terms.
Now we are in a position to calculate the divergent part of the one-loop effective action using
(26). For the sake of generality we shall perform the calculations for arbitrary values of a1,2,3, and
will substitute (22) only afterwards. After some long calculus, disregarding the non-essential terms
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with more than four derivatives of the external metric, we arrive at the relations
γµγν
[
D˜µ , D˜ν
]
=
1
8
γαγβγµγνRαβρλRµν
ρλ
✷− 2γµγνRνρ∇µ∇ρ✷−
− 1
2
✷R✷− 1
2
R✷2 + [γµ, γν ]Rνρ∇µ∇ρ✷+
+ a1γ
µγνγαγβ
(
−RαβσρRσ [ν∇µ]∇ρ +
1
2
Rαβ[µ
σRν]σ✷
)
+
+ a2R
2
✷− 2a2γµγνRRνρ∇µ∇ρ + ... (27)
D˜µD˜µ = ✷3 + (2a1 + 1)Rµν∇µ∇ν✷− 1
16
γαγβγλγσRαβµρRλσ
µρ
✷+
+ a1✷R
µν∇µ∇ν + 2a1∇µ∇ρRµσ∇ρ∇σ +
+ (a1 + a
2
1)R
µσRσρ∇µ∇ρ + (a2 + a3)✷R✷+
+ 2(a2 + a3)∇µ∇νR∇µ∇ν + (a2 + 2a1a2)RRµν∇µ∇ν +
+ 2a2R✷
2 + a22R
2
✷+ ... . (28)
Then, the relevant blocks of (25) are
Vˆ µν = 2a1R
µν + (2a2 − 1
4
)Rgµν (29)
Uˆµν = a1✷R
µν + 2a1∇ρ∇µRρν + (a2 + a3 − 1
4
)gµν✷R+
+ (a21 + a1)R
µ
ρR
ρν + 2(a2 + a3)∇µ∇νR+ (2a1a2 + a2)RRµν +
+ (a21 −
a2
2
)gµνR2 − 1
2
a1γ
[µγρ]γαγβRαβ
σνRσρ − a1
2
R2αβg
µν −
− a2γµγρRρνR . (30)
Using the formula (26), for the generic operator (16) we arrive at the following divergences
Γ
(1)
div = −
1
ε
∫
d4x
√−g
{
αR2µναβ + βR
2
µν + γR
2 + δ✷R
}
, (31)
where
α =
7
120
, β =
1
3
a21 −
2
3
a1 +
1
15
, (32)
γ = −1
3
a21 − 4a22 − 2a1a2 −
1
6
a1 − 4
3
a2 − 1
8
,
δ = 2a1 + 6a2 + 6a3 − 7
5
.
Replacing the coefficients (22) corresponding to the Hermitian conformal operator, and using the
basis of the square of the Weyl tensor, Gauss-Bonnet term
C2 = CµναβC
µναβ = R2µναβ − 2R2µν +
1
3
R2 , E = R2µναβ − 4R2µν +R2
and R2 , we arrive at the final result
Γ
(1)
div = −
µ(n−4)
ε
∫
dnx
√−g
{
− 1
60
C2 +
3
40
E − 12
5
✷R
}
, (33)
which is conformal invariant up to total derivatives. The cancellation of the non-conformal
√−gR2-
term confirms the correctness of our calculations of both conformal operator and divergences.
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The conformal anomaly is directly related to the divergences [1], so that we have, using (33):
< T µµ >= −1
2
1√−g
δ∆S
δσ
= − 1
(4pi)2
(
ωC2 + bE + c✷R
)
. (34)
with
ω = − 1
60
, b = +
3
40
, c = −12
5
(35)
Consider the cancellation of anomaly. In the four-dimensional space (D = 4), if one has only
conventional scalar, spinor and vector fields, the cancellation of anomaly is impossible due to the
fact that all these fields contribute to the coefficients ω and b (35) with the same signs. But,
situation might change if we have some high derivative fields. For instance, some examples of finite
and anomaly-free theory has been given in [22], where the IR and UV conformal fixed points of the
renormalization group flow were established. Now, we shall see, that including the new conformal
fields one can achieve the anomaly cancellation in a different way.
Imagine that we have a theory with N0 real massless conformal invariant scalars (2), N1/2
Dirac spinors (3) and N1 massless vectors. In addition, the theory includes n3 copies of the high
derivative spinor (9) and n4 copies of the high derivative scalar (6). Then the total expression for
the anomaly is (34), with the following total coefficients:
ωt =
(
1
120
N0 +
1
20
N1/2 +
1
10
N1
)
−
(
1
15
n4 +
1
60
n3
)
,
bt = −
(
1
360
N0 +
11
360
N1/2 +
31
180
N1
)
+
(
7
90
n4 +
3
40
n3
)
,
ct =
N0
180
+
N1/2
30
− N1
10
− 2
45
n4 − 12
5
n3 . (36)
In order to obtain the conditions of anomaly cancellation, one has to consider only the coefficients
ωt and bt, because ct can be always canceled by adding the local finite counterterm [1]
∆Sc =
ct
12 (4pi)2
∫
d4x
√−g R2 . (37)
Then, from (36) one arrives at the following solutions for the amount of the high derivative fields
n3 = N1 − 1
2
N1/2 −
1
8
N0 , n4 =
5
4
N1 +
7
8
N1/2 +
5
32
N0 . (38)
Indeed, both n3 and n4 must be integers. One can see, that the cancellation of trace anomaly is,
in principle, possible, but it puts some restrictions on the field composition N0,1/2,1 of the matter
theory. Namely: we need N0+4N1/2 ≤ 8N1, N0 to be multiple of 32, N1/2 to be multiple of 8 and
N1 to be multiple of 4. The last conditions can be easily satisfied for some gauge groups. Then, in
some theory with extended supersymmetry, if the one-loop anomaly is exact, the proper choice of
the numbers n3 and n4 can provide the complete cancelation of anomaly.
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4 Conclusions and speculations
We have constructed the 3-derivative spinor action which possesses local conformal invariance.
Our solution is a generalization of the flat-space operators [20] with global scale invariance. The
relation between the corresponding spinor and conventional massless Dirac spinor is similar to the
one between fourth derivative scalar (6) and usual conformal scalar (2). One can formulate the
following mathematical conjecture: those are only first representatives of the infinite family of the
conformal invariant operators with even (for scalars) and odd (for spinors) number of derivatives
in D = 4. The scalars and spinors corresponding to these operators transform according to their
classical dimension. The generalization to the D 6= 4 is also possible (see [23] for the ∆ operator).
To check this conjecture would be an interesting mathematical problem.
The contributions of a new third derivative spinor to the trace anomaly has the sign opposite
to the one of the usual scalars, spinors and vectors, and the same as for the high derivative scalar
(6). One can guess that this sign distribution is related to the emergence and dominating con-
tributions of the high derivative unphysical ghosts, which are always present in the spectrum of
the high derivative operators. As an extension of our conjecture, one can suppose that the signs
of the contributions of the (yet unknown) higher order conformal operators to the trace anomaly
coefficients ωt and bt will alter, as in (36). Therefore, if there exists a SYM theory with extended
supersymmetry, for which the one-loop anomaly is exact, one can define the integration measure,
in curved space-time, in such a way that the D = 4 conformal symmetry is exact. This definition
of the measure must include proper number of functional determinants of the operators like ∆
and γµD˜µ. It might happen, that the investigation of this hypothesis can shed some light on the
supersymmetry breaking mechanism which may be, after all, related to the conformal anomaly.
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